-This paper presents an overview of the transmission-line
In this paper, the theoretical foundations of the TLM method are reviewed, its basic algorithm for simulating the propagation of waves in unbounded and bounded space is derived, and it is shown how the eigenfrequencies and field configurations of resonant structures can be determined with the Fourier transform. Sources and types of errors are discussed, and possible pitfalls are pointed out. Then, various methods of error correction are presented, and the most significant improvements to the conventional TLM approach are described. A referenced list of typical applications of the method is included as well. In the conclusion, the advantages and disadvantages of the method are summarized, and it is indicated under what circumstances it is appropriate to select the TLM method rather than other numerical techniques for solving a particular problem.
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Accordingly, two-dimensional space is modeled by a Cartesian matrix of points or nodes, separated by the mesh parameter Al (see Fig. 2(a) ). The unit time At is then the time required for an electromagnetic pulse to travel from one node to the next.
Assume that a delta function impulse is incident upon one of the nodes from the negative x-direction. The energy in the pulse is unity. In accordance with Huygen's principle, this energy is scattered isotropically in all four directions, each radiated pulse carrying one fourth of the incident energy. The corresponding field quantities must then be 1/2 in magnitude. Furthermore, the reflection coefficient "seen" by the incident pulse must be negative in order to satisfy the requirement of field continuity at the node.
This model has a network analog in the form of a mesh of orthogonal transmission lines, or transmission-line matrix ( Fig. 2(b) ), forming a Cartesian array of shunt nodes which have the same scattering properties as the nodes in Fig. 2(a) . It can be shown that there is a direct equivalence between the voltages and currents on the line mesh and the electric and magnetic fields of Maxwell's equations [5] .
Consider the incidence of a unit Dirac voltage-impu.lse on a node in the TLM mesh of Fig. 2(b) . Since all four branches have the same characteristic impedance, the reflection coefficient "seen" by the incident impulse is in- 
Furthermore, any impulse emerging from a node at position (z, x) in the mesh (reflected impulse) becomes au somatically an incident impulse on the neighboring node.
Hence ,+lV;(Z, X)=,+ lV<(Z, X-l)
,+lV;(Z, X)=,+ lV;(Z, X+l)
,+lvJ(z, x)=k+1v;(2=l, x).
Consequently, if the magnitudes, positions, and directions of all impulses are known at time k At, the corresponding values at time (k +1) At can be obtained by operating (3) and (4) tudes, directions, and positions of all impulses at t = O and then calculating the state of the network at successive time intervals.
The scattering process described above forms the basic algorithm of the TLM method. Three consecutive scattering are shown in Fig. 3, visualizing the spreading of the injected energy across the two-dimensional network. This sequence of events closely resembles the disturbance of a pond due to a falling drop of water. However, there is one obvious difference, namely the discrete nature of the TLM mesh which causes dispersion of the velocity of the wavefront. In other words, the velocity of a signal component in the mesh depends on its direction of propagation as well as on its frequency.
In order to appreciate the importance of this dispersion, note that the process in Fig. 3 Fourier transform. Accurate solutions will be obtained only at frequencies for which the dispersion effect can be neglected. This aspect will be discussed in Section IV. The TLM mesh can be extended to three dimensions, leading to a rather complex network containing series as well as shunt nodes. Each of the six field components is simulated by a voltage or a current in that mesh. Threedimensional TLM networks will be discussed in Section V.
IV. THE TWO-DIMENSIONAL TLM METHOD
A. Wave Properties of the TLM Network
The basic building block of a two-dimensional TLM network is a shunt node with four sections of transmission lines of length A1/2 (see Fig. 4 magnetic field of TE modes by the network voltage, while the network currents simulate the transverse electric-field components.
Whatever the relationship between field and network variables, the wave properties of the mesh, which will be discussed next, remain the same. Considering the mesh as a periodic structure, Johns and Beurle [5] calculate the following dispersion relation for propagation along the main mesh axes:
where /3. is the propagation constant in the network. The resulting ratio of velocities on the matrix and in free space, In conclusion, the TLM network simulates an isotropic propagating medium only as long as all frequencies are well below the network cutoff frequency, in which case the network propagation velocity may be considered constant and equal to c/fi.
B. Representation of Lossless and Lossy Boundaries
Electric and magnetic walls are represented by short and open circuits, respectively, at the appropriate positions in the TLM mesh. To ensure synchronism, they must be placed halfway between two nodes. In practice, this is achieved by making the mesh parameter At an integer fraction of the structure dimensions. Curved walls are represented by piecewise straight boundaries as shown in Fig. 6 .
In the computation, the reflection of an impulse at a magnetic or electric wall is achieved by returning it, after one unit time step At, with equal or opposite sign to its boundary node of origin. Lossy boundaries can be represented in the same wdy as lossless boundaries, with the difference that the reflection coefficient in each boundary branch is now instead of unity. R is the normalized surface resistance of the boundary.
For a good but imperfect conductor of conductivity u,
Note that since p depends on the frequency~, the loss calculations are accurate only for that frequency which has been selected in determining p.
C. Representation of Dielectric and Magnetic Materials
The presence of dielectric or magnetic material (for example, in partial dielectric or magnetic loading of a waveguide)
can be taken into account by loading inside nodes with reactive stubs of appropriate characteristic impedance and a length equal to half the mesh spacing [7] , as shown in Fig. 7(a) simulates an electric field, an open-circuited shunt stub of length A1/2 will produce the effect of additional capacity at the nodes. This reduces the phase velocity in the structure and, at the same time, satisfies the boundary conditions at the air-dielectric interface [7] . At low frequencies, the velocity of waves in the stub-loaded TLM mesh is given
where c is the free-space velocity, and YO is the characteristic admittance of the stubs, normalized to the admittance of the main network lines. Note that the velocity in the network is now made. variable by altering the single constant YO. The relationship between c, of the simulated space and YO is C,= 2(1+ Ye/4).
The velocity characteristic along the main axes of the stub-loaded network is shown in Fig. 8 for various values of YO. Again, for relatively low frequencies, the mesh velocity is practically the same in all directions.
In cases where the voltage on the TLM mesh represents a magnetic field, the open shunt stubs describe a permeability. The velocity of waves in a magnetically loaded medium will be simulated correctly by such a mesh. However, the interface conditions are not satisfied, and a correction must be introduced in the form of local reflection and transmission coefficients at the interface between the media, as described in [7] .
D. Description of Dielectric Losses
Losses in a dielectric can be accounted for in two different ways. One can either consider the TLM mesh to consist of lossy transmission lines, or one can load the nodes of a lossless mesh with so-called loss-stubs (Fig.   7(b) ).
In the first case, the magnitude of each pulse is reduced by an appropriate amount while traveling from one node to the next, and the ensuing change in velocity is accounted for by increasing the time required to reach the next node 
k=l where F( A1/A ) is the frequency response,~1 is the value of the output response at time t= k Al/c, and N is the total number of time intervals for which the calculation has been made, henceforth called the "number of iterations." In the case of a closed structure, this frequency response represents its mode spectrum. A typical example is Fig.  9(a) , which shows the cutoff frequencies of the modes in a WR-90 waveguide.
Note that, as in a real measurement, the position of input and output points as well as the nature of the field component under study will affect the magnitudes of the spectral lines. For example, if input and output nodes are situated close to a minimum of a particular mode field, the corresponding eigenfrequency will not appear in the frequency response. This feature can be used either to suppress or enhance certain modes.
F. Computation of Fields and Impedances
Since the network voltages and currents are directly proportional to field quantities in the simulated structure, the TLM method also yields the field distribution.
In order to obtain the configuration of a particular mode, its eigen- frequency must be computed first. Then the Fourier transform of the network variable representing the desired field component is computed at each node during a second run.
In this process, (13) and (14) Local field impedances can be found directly as the ratio of voltages and currents at a node, while impedances defined on the basis of particular field integrals (such as the voltage-power impedance in a waveguide) are computed by stepwise integration of the discrete field values. This procedure is identical to that used in finite-element and finite-difference methods of analysis.
V. THE THREE-DIMENSIONAL TLM METHOD
The two-dimensional method described above can be extended to three dimensions at the expense of increased complexity [10] to [15] . In order to simultaneously describe The three-dimensionaf TLM cell featuring three series and three shunt nodes.
field com~onents in three-dimensional space, the all six basic shunt node-must be replaced by a hybrid~LM cell consisting of three shunt and three series nodes as shown in The wave properties of the three-dimensional mesh are similar to that of its two-dimensional counterpart with the difference that the low-frequency velocity is now c/2 in- The impulse response of a three-dimensional network is found in the same way as in the two-dimensional case, and everything that has been said about the computation of eigenfrequencies, fields, and impedances, applies here as well.
VI. ERRORS AND THEIR CORRECTION
Like all other numerical techniques, the TLM method is subject to various sources of error and must be applied with caution in order to yield reliable and accurate results.
The main sources of error are due to the following circumstances:
The impulse response must be truncated in time.
The propagation velocity in the TLM mesh depends on the direction of propagation and on the frequency. The spatial resolution is limited by the finite mesh size. Boundaries and dielectric interfaces cannot be aligned in the 3-D TLM model.
The resulting errors will be discussed below, and ways of eliminating or, at least, significantly reducing these errors will be described.
A. Truncation Error
The need to truncate the output impulse function leads to the so-called truncation error: Due to the finite duration of the impulse response, its Fourier transform is not a line spectrum but rather a superposition of sin x/x functions (Gibbs's phenomenon) which may interfere with each another such that their maxima are slightly shifted. The resulting error in the eigenfrequency, or truncation error, is given by ET s AS/( Al/AC) = 3AC/(SN27r2Al)
where N is the number of iterations and S is the distance in the frequency domain between two neighboring spectral peaks (see Fig. 12 
9(a) and 9(b).
Finally, the number of iterations may be made very kmge, but this leads to increased CPU time. It is recommended that the number of iterations be chosen such that the truncation error given by (16) is reduced to a fraction of a percent and can be neglected.
B. Velocity Error
If the wavelength in the TLM network is large compared with the network parameter Al, it can be assumed that the fields propagate with the same velocity in all directions. However, when the wavelength decreases, the velocity depends on the direction of propagation (see Fig. 5 ). At first glance, the resulting velocity error can be reduced only by choosing a very dense mesh, unless propagation occurs essentially in an axial direction (e.g., rectangular waveguide), in which case the error can be corrected directly using the dispersion relation (7). Fortunately, the velocity error responds to the same remedial measures as the coarseness error (which will be described next), and it therefore does not need to be corrected separately.
C. Coarseness Error
The coarseness error occurs when the TLM mesh is too coarse to resolve highly nonuniform fields as can be found at corners and wedges. This error is particularly cumbersome when analyzing planar structures which contain such regions. A possible but impractical measure would be to choose a very fine mesh. However, this would lead to large memory requirements, particularly for three-dimensional Due to the particular way in which boundaries are simulated in a three-dimensional TLM network, dielectric interfaces appear halfway between nodes, while electric and magnetic boundaries appear across such nodes. This can be a problem when simulating planar structures such as microstrip or finline. In the TLM model, the dielectric either protrudes or is undercut by A1/2, as shown in Fig. 14. Unless the resulting error is acceptable, one must make two computations, one with recessed and one with protruding dielectric, and take the average of the results. The problem does not occur in a variation of the three-dimensional TLM method involving an alternative node config- . Some effort has also been directed towards improving the efficiency of programing techniques [24] . In the following, three other interesting and significant innovations will be discussed briefly.
A. TLM Networks with Nonuniform Mesh
In order to ensure synchronism, the conventional TILM network uses a uniform mesh parameter throughout. This can lead to considerable numerical expenditure if the structure contains sharp corners or, fins "producing highly nonuniform fields and thus demands a high density mesh. Saguet and Pic [28] and A1-Mukhtar and Sitch [29] have independently proposed ways to implement irregularly graded TLM meshes which, as in the finite-element method, allow the network to adapt its density to the local nonuniformity of the fields. Fig. 15 shows such a network: as proposed by Saguet and Pic [28] velocity of traveling impulses the same in all branches, the inductivity per unit length of the longer mesh lines is increased by a factor P while their capacity per unit length is reduced by I/P. This, in turn, increases their characteristic impedance by a factor P, and the scattering matrix of nodes connecting cells of different size must be modified accordingly.
To preserve synchronism, impulses traveling on longer branches are kept in store for P iterations before being reinfected at the next node. Conventional three-dimensional TLM networks require three shunt and three series nodes for the representation of one single cell (see Fig. 10 ). Saguet and Pic [31] have proposed an alternative method of interconnection.
Representation of the short transmission-line sections by two rather than three lumped elements (see Fig. 17 ) makes it possible to realize both shunt and series connections in one point, resulting in a punctual node with 12 branches. This node is equivalent to a cell, such as that in Fig. 10 , in which the inner connections have been eliminated. (a) The slow-wave velocity in the three-dimensional scalar mesh is c/fi as opposed to c/2 in the conventional TLM network. Dielectric or magnetic material as well as losses may be simulated using reactive and dissipative stubs.
The scalar method requires only 1/4 of the memory space and is seven times faster than the conventional method for a commensurate problem. However, its application is severely restricted, as it can be applied to scalar wave problems only. The main advantage of the TLM method, however, is the ease with which even the most complicated structures can be analyzed.
VIII. APPLICATIONS OF THE TLM METHOD
The great flexibility and versatility of the method reside in the fact that the TLM network incorporates the properties of the electromagnetic fields and their interaction with the boundaries and materials. Hence, the electromagnetic problem need not to be reformulated for every new structure; its parameters are simply entered into a general-purpose program in the form of codes for boundaries, losses, permeability and permittivity, and excitation of the fields. Furthermore, by solving the problem through simulation of wave propagation in the time domain, the solution of large numbers of simultaneous equations is avoided. There are no problems with convergence, stability, or spurious solutions. Another advantage of the TLM method resides in the large amount of information generated in one single computation. Not only is the impulse response of a structure obtained, yielding, in turn, its response to any excitation, but also the characteristics of the dominant and higher order modes are accessible in the frequency domain through the Fourier transform. In order to increase the numerical efficiency and reduce the various errors associated with the method, more programing effort must be invested. Such an effort may be worthwhile when faced with the problem of scattering by a three-dimensional discontinuity in an inhomogeneous transmission medium, or when studying the overall electromagnetic properties of a monolithic circuit.
Finally, the TLM method may be adapted to problems in other areas such as thermodynamics, optics, and acoustics. Not only is it a very powerful and versatile numerical tool, but because of its affinity with the mechanism of wave propagation, it can provide new insights into the physical nature and the behavior of electromagnetic waves.
